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1 Introduction

The Riemann Mapping Theorem states that all simply connected domains
of C which are not the whole plane are conformally equivalent. Conformal
equivalence is an equivalence relation on the set of all domains of C. Since
C is simply connected, it can only be conformally equivalent to other simply
connected domains. So in terms of this equivalence relation, the Riemann
Mapping Theorem says that the simply connected domains are split into two
equivalence classes: one consisting of just C and one containing all others.
After the simply connected case, the next type of domains to investigate
would be annuli. Since translation is conformal, it suffices to investigate
annuli with center 0. If Ay = ann(0,r;, R1) and Ay = ann(0,72, R2) are
such that f‘—ll = %2, with r1,79 > 0, then f : Ay — As defined by f(x) =

%x = %x is a conformal equivalence. This condition turns out to be

necessary as well:

Proposition 1.1 ([6]). Two annuli Ay = ann(a,r1, R1) and Ay = ann(b, r2, R2)

with r1,79 > 0 are conformally equivalent iff %1 = f‘—;.

But what about the general problem: given an arbitrary domain D, what
are the domains conformally equivalent to D? That is, what is the equiv-
alence class of D? For annuli, the equivalence classes are determined by a
single real number, the ratio of the outer and inner radii. One can ask if it
is possible in general to assign invariants to domains such that two domains
are conformally equivalent exactly when they are assigned the same invari-
ants. It is in fact alway possible to assign such invariants; namely, assign
each domain its equivalence class. But this is neither effective nor help-
ful. The framework of Borel reducibility of definable equivalence relations,
a part of descriptive set theory, allows one to make sense of this question
about assigning invariants. In doing so it also provides a means to compare
different types of equivalence problems from across mathematics. We will
closely follow the paper [3], also using [2],[4] for background in descriptive
set theory and [1],[6] for complex analysis.



2 Descriptive Set Theory and Borel Reducibility

Descriptive set theory is the study of definable subsets of Polish spaces.

Definition 2.1. A Polish space is a separable, completely metrizable topo-
logical space.

Example 1. Examples of Polish spaces
1. Any countable discrete space.
C,C", and CN (the set of complex valued sequences).

2N and NN with the metric d(x,y) = g—min{n: TnFyn }

e e

For X a Polish space, let K(X) be the set of compact subsets of X.
With the topology generated by subbasic open sets of the form {K €
K(X):KCU} and {K € K(X): KNU # 0} where U is open in X,
K(X) is Polish.

The following definition gives examples of what is meant by ’definable’
subsets.

Definition 2.2. Let X, Y be Polish spaces.

o A set A C X is Borel if it is in the o-algebra generated by the open
sets of X.

e A function f : X — Y is Borel if the inverse image of every open set
s Borel.

e A set A C X is analytic if it is the continuous image of a Borel subset
of a Polish space.

o A set A C X is coanalytic if it is the complement of an analytic set.

By a theorem of Suslin, a set is Borel iff it is both analytic and coanalytic.
There do exist sets which are analytic or coanalytic but not Borel, and of
course there are subsets of Polish spaces which are neither analytic nor
coanalytic.

Say that an equivalence relation E on a Polish space X is Borel (ana-
lytic, coanalytic) if it is Borel (analytic, coanalytic) as a subset of X x X.
Such definable equivalence relations are compared to each other via Borel
reducibility.



Definition 2.3. Let E, F be equivalence relations on Polish spaces X,Y .
Say that E is Borel reducible to F', written EE <p F, if there is a Borel
function f: X =Y such that x1Exe < f(x1)F f(x2) for all x1,z0 € X.
Write E <g F if E < F but not F <p E. Say E, F are Borel bireducible
to each other, written ~p, if E <p F and FF <p E.

Example 2. Examples of definable equivalence relations.

e For a Polish space X, id(X) is the identity (or equality) relation on
X. If X,Y are any uncountable Polish spaces, then id(X) ~p id(Y).
The Silver Dichotomy Theorem says that for a coanalytic equivalence
relation E on a Polish space X, either E only has countably many
equivalence classes, or id(X) <p FE.

e Define Ey on 2¥ by xEpy <= 3Im¥n > mf[z(n) = y(n)]. So Ey
is eventual agreement of infinite binary sequences. It is known that
id(2¥) <p Ey, but in fact much more can be said. The Glimm-Effros
dichotomy theorem says that if E if a Borel equivalence relation on a
Polish space X, then either E <p id(2*) or Ey <p E.

o Let Fy be the free group on 2 genmerators and let P(Fy) be its power
set. We can identify P(Fy) with 22 by identifying a subset with its
characteristic function. This induces a Polish topology on P(Fy) with
subbasic open sets {S : A C S} for finite A C Fy. With this topology,
F5 acts continuously on P(Fy) by left translation: g- A = gA = {ga :
a € A}. This action (and indeed any action) induces an equivalence
relation where two elements are related if they are in the same orbit.
Let E, be the orbit equivalence relation induced by this action of Fo
on P(F3). Let an equivalence relation be called countable if each of its
equivalence classes is countable. Then E., is the universal countable
equivalence relation; i.e. E is countable and if E is another countable
equivalence relation, then E <p F.

As a more general setting than just Polish spaces, say (S, B) is a standard
Borel space if B is a g-algebra on S and there is a Polish topology 7 on S
which has B as its Borel sets. Borel reducibility still makes sense if we only
assume the spaces involved are standard Borel, since it is the Borel structure
and not the particular Polish topology that is important. An important fact
is that a Borel subset of a standard Borel space is again standard Borel.



3 Domains and Riemann Surfaces

A domain is simply an open connected subset of C and a conformal equiv-
alence is an analytic bijection. The definitions of a Riemann surface and
conformal equivalences between them are more involved.

Definition 3.1. A Riemann surface, or a one-dimensional complexr mani-
fold, is a pair (X, ®) where X is a connected, Hausdorff space, ® is a collec-
tion of coordinate patches (U, p) such that U C X is open and ¢ : U — C is a
homeomorphism of U onto o(U), and the following conditions are satisfied:

1. Every point of X is covered by at least one patch in ®.

2. If (Ua,0a), (Up, op) € @ are such that U, NU, # 0, then ¢, ngb_l is an
analytic function from pp(Uys N Up) to oo (Uy NUy).

Simple examples of Riemann surfaces are C and the Riemann sphere.
Also any open connected subset of a Riemann surface is again a Riemann
surface; so any domain of C is another example.

Definition 3.2. Let (X, ®),(Q2, V) be Riemann surfaces and let f : X — Q
be continuous. Let a € X and o = f(a); then f is analytic at a if for any
patch (A, v) in U containing o, there is a patch (U, ) in ® containing a
such that

e f(U)CA
e o foyp!is analytic on p(U) C C.

If f is analytic at each point a € X, then f is analytic on X. If f is a
bijection, then f is a conformal equivalence.

To place conformal equivalence in the framework of Borel reducibility, we
must realize domains of C and Riemann surfaces as points in some standard
Borel space. This is not too difficult for domains. For X Polish, let F(X)
be the set of closed subsets of X. The Effros Borel structure on F(X) is the
o-algebra generated by the sets {F : FNU # ()} for U C X open. With this
o-algebra, F(X) is a standard Borel space. Similarly let O(X) be the open
subsets of X equipped with the o-algebra generated by the sets {O : U C O}
for U C X open. Then it is also standard Borel, as it is Borel isomorphic to
F(X) viag: F(X) = O(X) by ¢(F) = F¢. This map is clearly a bijection.
It is Borel since

e M{0:UC0})={0°:UCO}={F:UCF}={F:UNnF =0}



which is a Borel set in F(X), and can similarly be shown to have a Borel
inverse.

Let D C O(C) be the set of domains in C. This can be shown to be
Borel in O(C), so D is a standard Borel space. This allows us to realize
conformal equivalence of domains as an equivalence relation on a standard
Borel space, and thus we can compare it to other equivalence relations using
Borel reducibility.

Although it is much more difficult and technical, the same can be done
with Riemann surfaces. That is, there exists a standard Borel space R such
that every Riemann surface is conformally equivalent to some element of R.
Since every domain is also a Riemann surface, we would like to be able to
effectively identify the elements of R corresponding to the domains in D.
And indeed this is the case: there is a Borel function f : D — R such that
d = f(d) for all d € D.

Let 2p, =g denote conformal equivalence of domains and Riemann sur-
faces respectively. Then for di,ds € D we have dy =p dy < f(d1) =g
f(dz). This says that f is a Borel reduction and (2p) <p (=g). This
should be expected: determining conformal equivalence of domains is no
harder than doing so for Riemann surfaces.

3.1 Aut(H)

For a Riemann surface M, an automorphism is a conformal equivalence
M — M. These form a group under composition, Aut(M). For the half-
plane, we have Aut(H) = PSLy(R) = SLo(R)/{I,—I} where SLs(R) is the
group of 2 x 2 real matrices with determinant 1, and [ is the 2 x 2 identity
matrix. This group acts on H by M&bius transformations; so

a b (Z)_az—H)

c d ez +4d
[z — g+ ]z —y
[z — g — |z —y|

usual topology on H as a subscpace of C. Two important properties of
this action are

The hyperbolic metric p(x,y) = ln< ) on H induces the

o Aut(H) acts on (H,p) by isometries; so for g € Aut(H), p(x,y) =
p(9(x), 9(y))

e Every orbit of this action is discrete.



4 Complexity of Conformal Equivalence

The following theorem holds:
Theorem 4.1. (2p) ~p (Zr) ~B (Ex)

So conformal equivalence of domains is of the same complexity as con-
formal equivalence of all Riemann surfaces, and both of these equivalence
relations are of the same complexity as the orbit equivalence relation coming
from F, acting on P(F») by left translation.

From the parametrization we have that (2p) <p (&g). So the theorem
follows from proving (Zr) <p (Fx) and (Ex) <p (=p). We will show the
second of these. This lower bound for 2 is mostly proved by the following
proposition:

Proposition 4.2. Fach A C Fy can be assigned a discrete set Sy C H so
the domains Dy = H \ Sa are such that AE B <= Dj =p Dp for
A,B C F,. Furthermore, there is a Borel function f : P(F3) — HY such
that f(A) enumerates Sa.

Given the proposition, we need one more result.

Lemma 4.3. There is a Borel function g : HY — D such that for x = {x,, :
n € N} € HY discrete, g(x) = H\ {z, : n € N}.

Proof. Let A € HY be the set of sequences enumerating a discrete subset of
H. This is a Borel set. Towards defining g, if z ¢ A, let g(z) =H. If z € A,
let g(x) = H\ {z,, : n € N}. This is a Borel function since for any open
U cC,

L ) 0 iU ¢ H
q ({OUgO})_{ACU{{xnnEN}EAVnQ?n@éU} otherwise

and hence the inverse image of any subbasic open set is Borel. ]

Then given Borel functions f from the proposition and ¢ from the lemma,
h =gof :P(F,) — D is a Borel function such that h(A) = D4. So
AFEswB < Dj=p Dp <= h(A) =p h(B). This says (Ex) <p (=p).

Proof of proposition 4.2. Recall that Aut(H) = PSLy(R). If

(12 4 (10
a—Olan7'21



then the subgroup (o, 7) in Aut(H) is isomorphic to F» and the translation
action restricted to this subgroup has no fixed points. We will call this sub-
group Fy. Also recall that for x € H the orbit of z, {g(z) : g € F»}, is
discrete and g(x) = z iff g is the identity of F5.

Fix 1 € H and for g € F let 4 = g(x1). So if h € Fy, g(zn) =
g(h(z1)) = xgn. We know O = {g(x1) : g € Fo} = {4 : g € Fp} is discrete,
so there is an € > 0 such that ONB(z1) = {z1}. Since F» acts by isometries
and g - O = O, we also have O N B(z4) = {x4} for all g € F>.

Let xgo) = x1 and choose xgl),xg ),mf’) from H so all 4 are distinct,

p(xgo),xgi)) £ fori=1,2,3, and ¢; = p(xg),xg )) for 0 <i # j < 3 are
distinct (except we must obviously have €;; = €j;).
Then define xéz) = g(:vgz)), o xéo) = x4 and g( ) = x,;. Since acting
(

on H by g € F, is an isometry, p(xg),:réj)) = p(z; () ) For fixed g € F

and 0 < i # j < 3, by the triangle inequality we know (mé),mgj)) < % <s.
Then
@ n (J{e:0<i<3t={al):0<i<3)
heFy
(i)

So since for fixed g the points x4’ are some fixed distance that is uniform
in g apart from each other, {mg) :0<i<3,9€ Fy} is also a discrete set.

For A C F5, define Sy = {xéi) :0<i<2,g€F”}U {3323) :h € A}. This
assignment A — S 4 will satisfy the proposition, and the construction of S4
is explicit enough that there is Borel function f : P(Fy) — HY so f(A) is
an enumeration of S4. So it remains to show that this assignment works as
stated in the proposition.

Suppose A Eo, B, such that gA = B, g € F5. Then g(S4) = {xﬁf)
h € F»,0 <i <2} U {xﬁ) : h € A}. But this second set is {$£«3) HEANS

gA} = {x@ :r € B}. So g(Sa) = Sp. Since each element of Fy is an
automorphism of H, we also have g(D4) = Dp and hence D4 =p Dp.

In the other direction, assume ¢ : D4 — Dp is a conformal equivalence.
Let 6 : H — D be a conformal equivalence, which exists by the Riemann
mapping theorem. Then #o ¢ : Dy — D extends to goa' : H — D by the
following:

Lemma 4.4. [6]/ Let G C C be a domain, f: G — D such that f € H(G\a)
fora € G. Then a is removable and f can be extended to be holomorphic on
all of G.



Proof. Assume G = B,(a). Define h by h(a) = 0 and h(z) = (z — a)?f(2)
for z € G\ a. Then

lim h(z) = hla) =lim(z—a)f(z) =0

z—a ZzZ—Q zZ—a
since f is bounded. So h € H(G) and we can write h(z) =Y o0, cp(z —a)"
for z € Br(a). Then defining f(a) = ca, we can extend the definition of f
to all of G by f(z) = > 07 cnt2(z — a)™, showing that f € H(G). O

Let o7 = 071 o : H — H; this is a holomorphic map extending .
Similarly there is a holomorphic map ¢~ : H — H extending ¢ ~!'. Then
T, ™ are inverses and so ¢ is actually an automorphism of H extending .
We will now refer to this extension as ¢. Since ¢ bijectively maps D4 onto
Dp, we also have ¢(S4) = Sp. Now we just need to show ¢ = g for some

g € Fy. Consider go(xgo)). It must be in Sg, so for some g € F5,0 < i < 3,

cp(xgo)) = xéi). It can be shown that in fact i = 0, so gp(:vgo)) = xéo). Then

o), 2y = palV, o7 (@) = p(at?,2”) = 1. Since all the e;
were distinct, it must be that go(xgl)) = wgl). Similarly gp(x?)) = l‘g2). Then
cp(xgi)) = x!(]i) for 0 < ¢ < 2 and since ¢ and g are Mobius transformations
agreeing at 3 points, ¢ = g by Proposition 3.3.9 in [1].

The last thing we must do it to check that gA = B. If h € A, then
wf) € Sa, so g(z:g’)) = go(z:g’)) = ZL'S;L) € Sp. So gh € B. The reverse
containment is symmetric, and the proof is completed.

O

As a final remark, in obtaining the lower bound, we used domains of the
form H \ S where S is a discrete set. We could have used D'\ S since H and
D are conformally equivalent. In either case, the result shows that F, is
Borel equivalent to conformal equivalence restricted to domains of the form
H\ S. So the problem of conformal equivalence restricted to sets obtained
by removing an infinite discrete set from H or D is already as complicated
as the general problem for domains or for Riemann surfaces.
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